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Abstract 
The n-component graph of a graph G is the intersection graph having a point corresponding 
to each n-component of G and a line joining two points whenever the corresponding 
n-components of G share at least one point. We give a characterization f graphs which are 
n-component graphs of some graph, thus generalizing a theorem of Harary (1963). 
Let G be a finite, simple, loopless, undirected graph with point set V(G) and line set 
X(G). For any integer n >/ l, a graph is n-connected if the removal of any set of fewer 
than n points yields a nontrivial connected graph. An n-component is a maximal 
n-connected subgraph. The n-component graph of a graph G is the intersection graph 
having a point corresponding to each n-component of G and a line joining two points 
whenever the corresponding n-components share at least one point, and H is an 
n-component graph if there exists a graph G such that H is the n-component graph of 
G. If G does not have any n-components, then its n-component graph is undefined. 
A complete set of lines of G is the set of lines of a complete subgraph of G. All undefined 
terms may be found in Harary [2]. 
Theorem. For any n >~ 1, a graph H is an n-component graph if and only if there is 
a family S of complete sets of lines of H such that Us,~sSi = X(H)  and, for any distinct 
u, w e V(H), there is a subfamily T ~_ S such that I TI < n and there does not exist a path 
between u and w in (V(H), Us,~s- rSi). 
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Proof. Let H be the n-component graph of G. Since points not belonging to any 
n-component of G can be removed without affecting its n-component graph, we may 
assume without loss of generality that every v e V(G) belongs to an n-component. Let 
f: V(H)-~ 2 vt~ map each point of H to the set of points of G of the corresponding 
n-component. For each v e V(G), let Sv denote the complete set of lines of H joining the 
points corresponding to the n-components of G containing v. Corresponding to each 
line u, w e X(H), there must be at least one point inf(u)c~f(w), so Uv~vtG)S~ = X(H). 
For any distinct, uwe V(H), there must be some M ~_ V(G) such that [M[ < n and 
every path between any point of f (u)  - M and any point off(w) - M uses a point of 
M. Letting T = {S~I veM},  there can be no path in H joining u and w only using lines 
of UsoEs- rSv. 
Let S be a family of complete sets of lines satisfying the conditions above. We will 
construct a graph G whose n-component graph is isomorphic to H as follows: 
(i) For each ve V(H), add to G a graph isomorphic to K,+I,  which we denote 
by Kv. 
(ii) For each Sie S, add to G a point which is adjacent to each point of K~ for each 
v incident with a line of Si. 
For each v e V(H), we let G(v) denote the subgraph of G induced by the points of 
K~ and the points adjacent to them. The subgraphs G(v) are n-connected, and we will 
now show that they are exactly the n-components of G. If this were not the case, then 
there must be some Vo c_ V(H) such that I Vol > 1 and Ov~voG(v) is n-connected. But 
the conditions on S guarantee that for any distinct u, w e Vo there must be a subfamily 
T ~ S such that there is no path between u and w in (V(H), (Js,~s-r S~), and the points 
of Ku and Kw can be separated in G by the removal of fewer than n points. So 
(J~voG(v) cannot be n-connected. [] 
Clearly the graphs with no lines are exactly the 1-component graphs. For n - 2, the 
theorem yields the following result of Harary [1-]. 
Corollary. A graph H is a 2-component graph if and only if every 2-component of H is 
complete. 
Proof. If every 2-component of H is complete, then choose S to be the family of 
complete sets of lines of the cliques of H. Since every pair of distinct points has at most 
one 2-component in common, they are separable by removing at most one complete 
set of lines. If a 2-component is not complete, then some pair of nonadjacent points 
lies on a cycle. The subgraph of H induced by the points of the cycle could not be 
separated by removing one complete set of lines. [] 
Corollary. For any n >~ 1, if H contains an n-line-connected, triangle-free induced 
subgraph, then H is not an n-component 9raph. 
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Proof. If Vo ~_ V(H) induces an n-line-connected, triangle-free subgraph of H, then 
any member of a family of complete sets of lines of H contains at most one line of 
(Vo). Since (Vo)  is n-line-connected, the removal of no set of n - 1 complete sets of 
lines of H would disconnect i . [~ 
Corollary. An induced subgraph of  an n-component graph is an n-component graph. 
Proof. Let Ho be an induced subgraph of n-component graph H, and let S be a family 
of complete sets of lines of H satisfying the conditions of the theorem. Removing from 
the members of S all lines incident with a point of V(H) - V(Ho), a new family of 
complete sets of lines is obtained which is easily seen to satisfy the conditions of the 
theorem. [] 
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